This paper presents a model for thermo-acoustic effects in a gas turbine combustor. A quarterwavelength burner with rectangular cross-section has been built and studied from an experimental and theoretical perspective. It has a premixed methane-air flame, which is held by a bluff body, and spans the width of the burner. The flame is compact, i.e. its length is much smaller than that of the burner. The fundamental mode of the burner is unstable; its frequency and pressure distribution have been measured. The complex pressure reflection coefficients at the upstream and downstream end of the burner were also measured. For the theoretical considerations, we divide the burner into three regions (the cold pre-combustion chamber, the flame region and the hot outlet region), and assume one-dimensional acoustic wave propagation in each region. The acoustic pressure and velocity are assumed continuous across the interface between the precombustion chamber and flame region, and across the interface between the flame region and outlet region. The burner ends are modelled by the measured pressure reflection coefficients. The mean temperature is assumed to have the following profile: uniformly cold and uniformly hot in the pre-combustion chamber and outlet region, respectively, and rising continuously from cold to hot in the flame region. For comparison, a discontinuous temperature profile, jumping directly from cold to hot, is also considered. The eigenfrequencies are calculated, and the pressure distribution of the fundamental mode is predicted. There is excellent agreement with the experimental results. The exact profile of the mean temperature in the flame region is found to be unimportant. This study gives us an experimentally validated Green's function, which is a very useful tool for further theoretical studies.
INTRODUCTION
If a flame is put into an acoustic resonator, a thermo-acoustic feedback can occur between the heat released from the flame and the acoustic field in the resonator, resulting in large-amplitude pressure oscillations. This effect is called "thermo-acoustic instability". It is a problem in many combustion systems, such as gas turbine engines or furnaces, because the oscillations can become so violent that they cause structural damage.
Thermo-acoustic instabilities in real-world combustion systems are a complex phenomenon. In order to understand them, it is necessary to perform accurate measurements on simplified test rigs, and in conjunction, to make predictions from corresponding analytical models. Understanding gained in this way is essential for the systematic development of strategies to control thermo-acoustic instabilities; without it, one has to resort to trail and error.
A vast amount of research papers exist, which describe studies of thermo-acoustic instabilities with an experimental, analytical or numerical approach. Reviews can be found in [1] , [2] and [3] . Studies with a combined experimental and analytical approach involving a test rig are less common, but do exist. Examples are the experimental study by Langhorne [4] and corresponding analytical study by Bloxsidge et al [5] of a reheatbuzz test rig; the Rijke tube studied by Heckl [6] in her PhD thesis; the matrix burner studied by Noiray et al [7] , and the Rijke tube studied by Mariappan and Sujith [8] .
This paper presents a generic burner, which serves as a model for a gas turbine combustor, and studies it from an experimental and analytical perspective. A simple burner geometry has been chosen, because this is cheap and easy to build, and because it can be modelled analytically without having to resort to heavy numerics.
The overall aim of our study is to obtain an experimentally validated Green's function. The Green's function is the response to a unit point source in the burner. It is a powerful tool for further analytical studies, in particular when the forcing is nonlinear. In this paper, however, we limit ourselves to the determination of the Green's function. We are not analyzing thermo-acoustic instabilities at this stage, so heat release laws or flame transfer functions do not come into our study. The focus is on the axial temperature profile in the burner. This was shown by Matveev and Culick [9] to have an important effect on the stability behaviour of the Rijke tube.
Our experimental rig is described in section 2. This includes measurements of the end conditions, mean temperature profile, eigenfrequency and pressure distribution. The corresponding analytical model is presented in section 3. This will then be evaluated to predict the eigenfrequency and pressure distribution. The predicted results are shown in section 4 and compared with the measured results.
EXPERIMENTAL RIG 2.1. Description of the experimental rig
The combustor was built at IfTA and is a modified version of the test rig built by Kok et al [10] . It burns methane at atmospheric pressure. Its geometry is shown in Figure 2 .1.
The rectangular walls (A and B in Figure 2 .1(a)) are made from 1.5 mm stainless steel. Along one side (C) an array of probing holes allows measurement devices to be inserted into the combustion and pre-combustion chambers. The locations of these holes relative to the upstream end of the pre-combustion chamber, as well as the overall length of the burner are shown in Figure 2 .1(b).
The air required for combustion flows into the pre-combustion chamber through a 3 mm thick injector plate (D) with a grid of 3 × 22 holes of 0.8 mm diameter. At the prismatic flame holder inside the burner (at E, cross-section shown in Figure 2 .2) methane is injected through 2 × 33 holes of 1.2 mm diameter. The flame is stabilised behind the bluff end of the flame holder. The burner is open at the top end (F) and acoustically closed at the bottom end (D), i.e. it is roughly a quarter-wavelength resonator.
The flame holder section is shown in more detail in cross-section in Figure 2. 2. This figure also shows the dimensions of the cross-section of the combustion and pre-combustion chambers, the main fuel supply duct (A), injection holes (B), igniter (C) and probing holes (D). The probing holes are sealed by metal foil, unless a probe is inserted.
The unstable combustion of the burner was investigated at an operating point of 21 kW thermal power at an air ratio λ = 1.4, implying an airflow of 10 g/s. This operating point was chosen because it gives a steady combustion instability at a relatively low power, while avoiding blowout of the flame. The dominant frequency is 115 Hz, and the pressure amplitude at that frequency is about 1500 Pa. There is a minute peak at twice the dominant frequency, this is probably due to nonlinear effects in the heat release.
Measured results for eigenfrequencies and end conditions
The pressure reflection coefficients were measured directly on the unstable burner by use of the two-microphone method at the instability frequency of 115 Hz. The twomicrophone method involves measuring the sound pressure simultaneously at two locations near the end of interest [11] . The forward and backward travelling waves can then be identified individually, and the ratio of their complex pressure amplitudes at the end gives the reflection coefficient.
At the lower end, we measured the pressure with microphones at x = 79.9 mm and x = 179.9 mm; these positions were chosen because they have a relatively large difference in pressure amplitude, giving more accurate results for the phase of the reflection coefficient. This was found to be
It is quite similar to that of a rigidly closed end, where R = 1, but in our case there are also losses, as indicated by R 1  = 0.833 < 1.
At the upper end, the pressure was measured at positions x = 1325.7 mm and x = 1425.7 mm (to minimise the influence of the temperature gradient), and the reflection coefficient turned out to be ( 2.2)
The magnitude is R 2  = 0.964 Ϸ 1, indicating that only minor losses occur at that end. Also, there is a pressure node just outside the tube at a distance of 66.5 mm from that end.
Measured temperature and pressure distribution
The axial distribution of the mean temperature and the acoustic pressure amplitude were measured at the positions shown in Figure 2 .1b. The data are plotted in Figure 2 .4.
The temperature is nearly uniform in the two chambers. In the combustion chamber, heat losses occur due to conduction and radiation, leading to a slight decrease of the temperature in the downstream direction. The slight temperature increase in the pre-combustion chamber occurs because the air is heated by the walls, which conduct the heat from the combustion region. The temperature values have not been corrected to take account of the heat radiation to and from the thermocouple that was used for the measurements.
The pressure distribution shows a quarter-wavelength pattern, which is slightly distorted in the flame region. It has a maximum at x = 0 mm and a node at x = 1496.3 mm, which lies just beyond the open end.
ANALYTICAL MODEL 3.1. Theoretical description of the rig
For our theoretical modelling purposes, we divide the burner into three regions: precombustion chamber, flame region and outlet; these are shown in 
Pre-combustion chamber
Flame region Outlet region 
This is situated between x = 0 and x = 1 , and has uniform mean temperature T -1 and crosssectional area A 1 . The position x = 1 corresponds to the top of the flame holder (see Figure 2. 2). One-dimensional acoustic waves with speed of sound c 1 = (γRT -1 ) 1/2 propagate in this region. Assuming that the acoustic pressure has a time-dependence of the form (3.1)
we can write for the pressure distribution in this region (3.2) k 1 is the wave number and given by k 1 = ω/c 1 , and a is a pressure amplitude.
Outlet region
The outlet region between x = 2 and x = L is assumed to have again uniform, but an elevated, mean temperature T -2 , and one-dimensional acoustic waves propagate with the speed c 2 = (γRT -2 ) 1/2 . The pressure distribution in this region is
where k 2 = ω/c 2 , and b is a pressure amplitude.
Flame region
In the flame region, between 1 and 2 , the mean temperature rises from T -1 to T -2 . The cross-sectional area A 2 is uniform. The waves in this region are described by the extended wave equation For a wave with frequency ω, as given by (3.1), equation (3.4) reduces to an ODE for the pressure distribution pˆ (x), (3.5) If the temperature distribution has a uniform gradient, i.e.
where (3.6)
ω the solution of (3.5) can be obtained as described by Sujith et al [12] . (They use a transformation, which converts (3.5) into the zero-order Bessel equation It is more convenient to use complex notation and write the solution of (3.5) in terms of the Hankel functions. Then the pressure field in the flame region becomes 
Conditions at the interfaces
There are two interfaces, one at 1 , where the cross-sectional area jumps from A 1 to A 2 , and one at 2 . The acoustic pressure and the volumetric flow rate have to be continuous across both interfaces. The equations describing these continuity conditions are at x = 1 : (3.10a)
The positions denote the left side of the interfaces, as shown in Figure 3 .1, and denote the right side. l l 
2 2 For non-trivial solutions to exist, the determinant needs to be zero. This gives rise to a nonlinear equation, (3.13) where F(ω) is the determinant of the matrix in (3.12). (3.13) has (generally complex) solutions ω 1 , ω 2 , ω 3 , …; these have to be determined numerically. The real part of the first mode, Reω 1 , is expected to be close to the observed instability frequency.
Calculation of the eigenfrequencies
The coefficients in (3.12) are given by: 
. 
Pressure field generated by a compact harmonic flame
The flame releases heat at a local rate (3.18) q -(x) is the mean part of the heat release rate; this is responsible for the rise in mean temperature and affects the sound field by a variable speed of sound. q′(x, t) is the fluctuating part of the heat release rate. We can argue that the flame is acoustically compact and that the fluctuating heat release is concentrated at a single point x′ in the flame region. For fluctuations with a single frequency ω we have (3.19) and this "forces" the acoustic field in the burner. The governing equation for the pressure distribution p(x) is the forced version of (3.5), i.e. with a term proportional to δ(x−x′) on the right hand side. A closely related governing equation is that for the frequency-domain Green's function Ĝ(x, x′, ω), which is the acoustic response to a unit point source at x′ oscillating with frequency ω. Ĝ(x, x′, ω) is governed by (3.20) In order to represent a tailored Green's function, i.e. one that describes the response inside the burner, Ĝ(x, x′, ω) also has to satisfy the boundary conditions (at x = 0, L) and the continuity conditions (at x = 1 , 2 ) that were specified for the pressure (see equations (3. 9a,b,c), (3.10a,b) and (3.11a,b) ). Hence the tailored Ĝ(x, x′, ω) is proportional to the pressure field in the burner generated by the heat source (3.19). During a combustion instability, where the first mode is unstable, the source term (3.19) has frequency ω 1 . Therefore, the tailored Ĝ(x, x′, ω) can be directly compared with the measured pressure distribution shown in Figure 2 .4.
Calculation of the Green's function
We calculate the tailored Green's function by subdividing the flame region into two, as shown in Figure 3 .2.
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Results for the eigenfrequencies and comparison with experimental results
The eigenfrequencies were calculated as described in section 3.2. The results for the first two modes are shown in Table 4 .1. The real parts give the frequencies of the modes; the (negative) imaginary parts are due to energy losses at the combustor ends. Two temperature profiles were considered. The results for the continuous temperature profile, described by (3.6), are shown in the second column of the table. For comparison, the third column shows the results for a temperature profile, which jumps half-way along the flame region (i.e. at x′ = ( 1 + 2 )/2) from T -1 to T -2 , but is uniform otherwise. The measured frequency value for mode 1 is f 1 = 115 Hz; for mode 2, no measured result is available. 115 Hz compares well with the predicted frequency values, which are 121.9 Hz for the continuous temperature profile, and 121.7 Hz for the temperature profile with a jump half-way along the flame. One might suspect that this latter value is quite sensitive to the exact location of the temperature jump within the flame region. However, we found that this is not the case: the predicted frequency of mode 1 ranges between 121.0 Hz (jump at 2 ) and 122.3 Hz (jump at 1 ).
Results for the pressure distribution and comparison with experimental results
The pressure was calculated as described in sections 3.3 and 3.4 as a function of the observer position in the burner. The same two temperature profiles as in the previous section were considered. The source position was again x′ = ( 1 + 2 )/2; i.e. halfway along the flame region. Figure 4 .1 shows the results for mode 1. The dark grey curve is for the continuous temperature profile (described by (3.6)) at the corresponding resonance frequency, ω 1 = 2π × 121.9 s −1 . The pale grey curve is for the discontinuous temperature profile, again at the corresponding resonance frequency, which is ω 1 = 2π × 121.7 s −1 . (It is difficult to distinguish between these two curves because they are ω ω ω ω virtually on top of one another). Also shown in the figure are the measured pressure amplitudes (black circles). The agreement with the results predicted both for the continuous and discontinuous temperature profile is excellent.
Discussion and summary of results
The pressure distribution has a maximum at the upstream end and a node just beyond the downstream end. This is typical for the fundamental mode of a quarter-wavelength resonator with one closed end (upstream) and one open end (downstream). The pressure profile is not entirely smooth, but has a cusp in the flame area. This is due to the fact that the mean temperature upstream is much lower than that downstream. The pressure profile is "stretched" in the hot region compared with the cold region. This effect is quite significant here, which is not surprising, as the speed of sound in the hot region is nearly twice as large as in the cold region.
The "stretching" of the pressure profile could not have been predicted if we had assumed that the temperature is uniform in the entire tube, rather piecewise uniform with a low-temperature region and a high-temperature region. This result supports the conclusion by Matveev and Culick [9] : considering the mean temperature as uniform, e.g. by averaging it over the whole length of the tube, is likely to lead to significant errors.
An interesting observation can be made about the second mode: its frequency is predicted to be about 275 Hz, which is between 2 and 3 times the fundamental frequency. However, in the measured spectrum (see Figure 2. 3.b), there is a second peak at 230 Hz, which is exactly 2 times the fundamental frequency. We can conclude from the large difference between these frequency values that the second peak is not due to the second mode being unstable; it is most likely due to nonlinear effects, which are outside the scope of the present paper. 
CONCLUSIONS AND OUTLOOK
A generic burner was studied from a theoretical and experimental perspective. The downstream end was open, and the upstream end was closed by a perforated plate (to allow air injection). The reflection coefficients at both ends were determined experimentally by the two-microphone method. It turned out that the reflection at the perforated plate was quite similar to that at a completely closed end. It appears that the air flow through the perforations makes the upstream end acoustically hard. We measured the temperature profile in the burner and found that it rises slightly in the pre-combustion chamber, then rises very sharply in the flame region, and decreases slightly in the outlet region. However, we showed that it is not necessary to simulate such a temperature profile with great accuracy. The predicted frequency values and pressure distributions were all very similar for the case of a compact flame, no matter whether the temperature profile was assumed to be continuous or to have a jump in the flame region. A model with a piecewise uniform temperature profile, obtained by separately averaging the temperature over the cold region and the temperature over the hot region, is sufficient. This finding is in line with the results by Sujith [13] and Veeraragavan et al [14] , who examined a similar one-dimensional combustor with three regions (cold, flame and hot region) and predicted the pressure distribution for various flame lengths (relative to the wavelength). He found that significant errors can occur if the temperature profile within the flame is modelled by a simple jump from cold to hot. However, for compact flames, i.e. for flames where the ratio between flame length and wavelength is below 0.01, such a discontinuous temperature profile gives good results. In our case, this length ratio is 0.012.
The fundamental frequency of our generic burner was measured (115 Hz) and predicted (122 Hz) from our analytical model, and the agreement is very good. The distribution of the pressure amplitude was also measured and predicted, and again the agreement is excellent.
Our theoretical study was limited to the "passive resonator", i.e. to the case where the flame releases heat at a constant rate, and does not interact directly with the acoustic field in the burner. This is sufficient for the determination of the Green's function, which is at the core of this paper.
The pressure distribution in the burner is identical with the tailored Green's function in the frequency domain. And the frequency-domain Green's function is the basis for the calculation of the time-domain Green's function by a straightforward Fourier transform (see [15] ). From the close agreement between the measured and predicted pressure distribution, we can conclude that we have an experimentally validated Green's function. We will use this in a future study as a tool to analyse the consequences of nonlinear heat-release laws. 
